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We study the order of the phase transition in the 3d U(1)+Higgs theory, which is the Ginzburg-Landau theory
of superconductivity. We confirm that for small scalar self-coupling the transition is of first order. For large scalar
self-coupling the transition ceases to be of first order, and a non-vanishing scalar mass suggests that the transition
may even be of higher than second order.
1. Introduction
Scalar electrodynamics (i.e., the U(1)+Higgs
theory) in three dimensions describes several dif-
ferent physical systems. First, it is an effective
high-temperature theory for 4d scalar electrody-
namics (with or without fermions) [1]. In par-
ticular, the 3d theory can be used to study the
finite temperature phase transition in the 4d the-
ory for small 4d coupling constants. Second, it
is directly the Ginzburg-Landau theory of super-
conductivity. In this case, as well, the properties
of the phase transition between the normal and
superconducting states are of much interest [2–7].
In general, the properties of the phase tran-
sition in the 3d U(1)+Higgs theory cannot be
reliably studied in perturbation theory. This is
due to the fact that the 3d coupling constants
are dimensionful, resulting in infrared problems
if there are nearly massless excitations (the
true dimensionless expansion parameter is a cou-
pling constant divided by a mass ∼ e2
3
/mH(T )).
While the IR-problems are not quite as severe
as in non-abelian theories containing gauge self-
interactions, they nevertheless exist. In addition,
non-perturbative topological defects play a role
in U(1)+Higgs.
Due to the difficulties mentioned, the 3d
U(1)+Higgs theory should be studied non-
perturbatively [2–7]. More specifically, some im-
portant problems to be addressed are: (a) the ex-
istence and order of a phase transition as a func-
tion of the scalar self-coupling, (b) the character-
istics of the phase transition: the critical temper-
ature Tc, latent heat, surface tension, correlation
lengths in the two phases, and (c) the conver-
gence of perturbation theory in the broken phase.
We present here preliminary lattice results on (a);
more complete results on (a) and (b) will be pre-
sented elsewhere [8]. (c) was addressed in [9].
2. The action and the parameters
The continuum U(1)+Higgs theory in 3d is de-
fined by the action
S =
∫
d3x
[
1
4
FijFij + (Diφ)
∗(Diφ)
+m23φ
∗φ+ λ3 (φ
∗φ)
2
]
, (1)
where Di = ∂i+ ie3Ai. The scale of the theory is
given by the dimensionful [GeV] gauge coupling
e23, and the other two parameters are dimension-
less,
x =
λ3
e2
3
, y =
m2
3
(e2
3
)
e4
3
.
The parameter x is roughly proportional to the
ratio of the squares of the scalar and vector
masses deep in the broken phase, x ∼ m2H/m2W ,
while y is related to temperature, y ∼ (T−Tc)/Tc.
Here Tc is the tree level critical temperature.
The Ginzburg-Landau theory of superconduc-
tivity is defined just by eq. (1). Conventionally,
m2
3
, λ3 are denoted by a, b in that context, and x is
represented by the Ginzburg parameter κ =
√
x.
2If κ < 1/
√
2 the superconductor is of type I, if
κ > 1/
√
2 it is of type II. The phase transition
is of first order for strongly type I superconduc-
tors, and for strongly type II superconductors it
is usually assumed to be of second order.
3. Discretization and simulations
The action in eq. (1) can be discretized in the
usual way. We use the compact formulation for
the gauge field, so that the 3d lattice action is
S = βG
∑
P
Re (1− UP )
−βH
∑
x,i
Reφ∗(x)Ui(x)φ(x + iˆ)
+
∑
x
φ∗φ+
∑
x
βR [1− φ∗(x)φ(x)]2 . (2)
Here Ui(x) is the compact link variable, UP is
the product of link variables around a plaquette
P and φ is a complex scalar field located on sites.
It would also be possible to use a non-compact
formulation [3,4].
The three coupling constants in the lattice ac-
tion are related to continuum parameters through
a constant physics curve, which can be calcu-
lated using lattice perturbation theory. Due to
the fact that the couplings are dimensionful, the
relation can be found exactly with a 2-loop cal-
culation [10]. The relevant relations are
βG =
1
ae2
3
, βR =
xβ2H
4βG
,
2β2G
(
1
βH
− 3− 2βR
βH
)
= y − (2 + 4x)ΣβG
4pi
− 1
16pi2
[ (−4 + 8x− 8x2)
× (ln 6βG + 0.09) + 25.5 + 4.6x
]
.
The continuum limit is hence at (βG, βH , βR) =
(∞, 1/3, 0). Note that increasing βH means de-
creasing y.
The simulations were done using Cray C94 at
the Center for Scientific Computing in Helsinki.
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Figure 1. The maximum of the susceptibility χ as
a function of volume. The straight line indicates
the linear behaviour characteristic of first order
transitions. The data point corresponding to the
largest volume for x = 0.0463 was obtained by
reweighting the data.
4. The order of the transition
For small x, the phase transition in the 3d
U(1)+Higgs theory is of the first order [2]. For
larger x (i.e., for type II superconductors), the
IR-problems are more severe since the transition
gets weaker, and the order has remained unclear.
Arguments in favour of a second order transition
have been given, e.g., in [3–5,7], but a still higher-
order transition cannot at present be excluded.
In particular, in the lattice studies in [3,4], the
correlation lengths were not measured.
It is interesting to compare the situation with
that in the 3d SU(2)+Higgs theory. There the
line of first-order transitions ends at x ∼ 1/8,
and for x > 1/8 the transition is of higher than
second order [11]. An important difference be-
tween the U(1) and SU(2) cases is that in the lat-
ter all the excitations in the symmetric phase are
massive, whereas in U(1) there should always be
a massless photon in the continuum limit [6,12–
14]. Consequently, one can define an order pa-
rameter for the continuum theory [12]. Away
from the continuum limit an exponentially small
non-perturbative mass is generated in the com-
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Figure 2. Susceptibility at x = 0.0463.
pact lattice formulation [15], and the phases are
analytically connected [16].
To study the order of the phase transition, we
have used two different values of x. The first case
x = 0.0463 corresponds to a strongly type I super-
conductor, and the other case x = 2 to a strongly
type II superconductor.
In the analysis we follow closely [11]. The
method employed is to plot the maximum of the
susceptibility as a function of the lattice volume.
The susceptibility χ is defined as
χ = e2
3
V
〈
(φ∗φ− 〈φ∗φ〉)2〉 .
In a first order transition χ grows as the volume
V and in a second order transition the expected
behaviour is ∼ V κ, κ being a critical exponent. If
κ ≤ 0, or if the transition is of higher than second
order, χ ∼ V 0.
Our results are plotted in Fig. 1, and the in-
dividual susceptibilities in Figs. 2-3. The system
has a first order phase transition at x = 0.0463,
as the maximum of susceptibility grows linearly
with volume. This is not the case with the x = 2
data, so the transition in strongly type II super-
condutors is not of first order. The data would
suggest that if the transition is of second order
the critical exponent κ is close to zero, as noticed
already in [3,4]. However, the transition might
also be of higher order.
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Figure 3. Susceptibility at x = 2.
To study the transition at x = 2 in more de-
tail, we have measured the masses of the scalar
and vector excitations. The masses are measured
from the exponential decay of suitably chosen cor-
relators. For the scalar mass we used the operator
φ∗(x)φ(x),
and for the vector mass
Imφ∗(x)Ui(x)φ(x + iˆ).
The photon mass in the symmetric phase can
be measured from the imaginary part of the pla-
quette variable at non-zero momenta [17].
The scalar mass is shown in Fig. 4 and the vec-
tor mass in Fig. 5. The scalar mass is clearly
non-vanishing. For the vector mass the signal
gets very noisy in the symmetric phase (y > yc,
βH < βH,c), and the techniques of [18] should
be used. In general, improved techniques make
the masses smaller so that, for example, the vec-
tor mass could go to zero at the phase transition
point. Our very preliminary photon mass mea-
surements in the symmetric phase are consistent
with zero.
In conclusion, we have seen that in type II su-
perconductors the phase transition is not of first
order. It may even not be of second order, since
we see a non-vanishing scalar mass. For definite
conclusions we will have to improve the quality of
mass measurements and study the finite a effects.
40.3460 0.3465 0.3470 0.3475βH
0.0
1.0
2.0
3.0
4.0
m
H
/e
32
βG=8
323
483
Figure 4. Scalar mass near the pseudocritical cou-
pling βH,c, for x = 2. The values of βH,c can be
seen from the maxima of χ in Fig. 3.
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Figure 5. Vector mass near βH,c for x = 2. Note
that the high-temperature symmetric phase cor-
responds to βH < βH,c.
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